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ON EDWARDS–CHILD’S INEQUALITY
YU-DONG WU∗, ZHI-HUA ZHANG, AND ZHI-GANG WANG
Abstract. In this paper, by making use of one of Chen’s theorems and the method of mathematical
analysis, we refine Edwards–Child’s inequality and solve a conjecture posed by Liu [6].
1. Introduction and Main Results
For △ABC, let a, b, c denote the side-lengths, A,B,C the angles, p the semi-perimeter, R the
circumradius and r the inradius, respectively.
Bottema et al. [1, pp.50, Theorem 5.8] once recorded the following so-called Edwards-Child’s
inequality in their monograph:
(1.1) p ≧ 3
√
3 r.
In 1999, Liu [5] considered the refinement of inequality (1.1) and posed the problem: Determine
the best constant t for the inequality
(1.2) a+ b+ c ≧ 6
√
3 r + t · r
R
· (R− 2r)⇐⇒ p ≧ 3
√
3 r +
t
2
·
(
1− 2r
R
)
r.
In the same year, Huang [4] solved the above problem and obtained the best constant
t = 6.829212418 · · · .
In 2000, Liu [6] posed a conjecture which sharpened inequality (1.1) as follows:
Conjecture 1.1. (LBQ 67) Prove or disprove the inequality:
(1.3)
√
3 p ≧ 10r − r
(
2r
R
)5
⇐⇒ p ≧ 3
√
3 r +
√
3
3
[
1−
(
2r
R
)5]
r.
The main object of this paper is to prove and refine inequality (1.3), and we obtain the following
results.
Theorem 1.1. If λ ≦ f(x1) ≈ 5.977930729, then
(1.4)
√
3 p ≧ 10r − r
(
2r
R
)λ
,
the equality in (1.4) is valid if and only if a : b : c = 1 : 1 : 1 with λ ≦ f(x1) or a : b : c =
2
(
x21 − 3
)
:
(
x21 + 3
)
:
(
x21 + 3
)
with λ = f(x1), where
(1.5) f(x) :=
ln
[
−2(x3−5x2+15)
x2−3
]
ln
[
24(x2−3)
(x2+3)2
] (3 < x < x0),
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x1 ≈ 3.067873979 ∈ (3, x0) is the only positive real root of the equation f ′(x) = 0, and x0 ≈
4.113537611 is the maximal real root of the following equation:
x3 − 5x2 + 15 = 0.
Theorem 1.2. If k ≦ k0, then for any triangle, we have
(1.6) p ≧ 3
√
3 r + k
[
1−
(
2r
R
)5]
r,
the equality in (1.6) is valid if and only if a : b : c = 1 : 1 : 1 with k ≦ k0 or a : b : c = 2t1 :
1 : 1 with k = k0, where k0 ≈ 0.6898369707 ∈
(
1
2 ,
9
13
)
is the root of the equation p4(k) = 0,
t1 ≈ 0.5194285605 ∈
(
1
2 ,
3
5
)
is the root of the equation p2(t) = 0, and
p4(k) = 582076609134674072265625k
40
− 347825698554515838623046875k38
+ 100074581801891326904296875000k36
− 18656729921698570251464843750000k34
+ 2406402165103435516357421875000000k32
− 223881811253170562744140625000000000k30
+ 13463175828870323610839843750000000000k28
− 546554928845186341347265625000000000000k26
+ 44602844570033253018161875000000000000000k24
− 5130242398470886015317438950000000000000000k22
+ 805214383330095009369880969748800000000000000k20
+ 8091804003905867976154901735852032000000000000k18
− 262076670696960781271382283372767764480000000000k16
+ 483089080872113925346827615868453187944448000000000k14
+ 76133654804831682593043073614469922630706135040000000k12
+ 4656778296665388277933286028092539858012767959121920000k10
+ 144475786697302680271016689740018636544036558347226316800k8
+ 2305862812061518538327375046497265994061106944720616030208k6
+ 14131109130840787698067340120866948829204788093469111353344k4
− 27802797644590317388762803455393575731200000000000000000000k2
+ 9774552621457470122500000000000000000000000000000000000000,
(1.7)
and
p2(t) =91750400t
20 − 857210880t19 + 3560046592t18 − 8616673280t17
+ 13364330496t16 − 13704527872t15 + 9174425600t14 − 3719282688t13
+ 689182720t12 + 53528576t11 − 36429312t10 + 533760t9 + 207104t8
+ 75520t7 + 32352t6 + 11376t5 − 320t4 − 104t3 − 30t2 − 7t− 1.
(1.8)
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2. Preliminary Results
In order to prove our main results, we shall require the following three lemmas.
Lemma 2.1. (see [2, 3, 8]) The homogeneous inequality p ≧ (>)f1(R, r) in triangle holds if and
only if
(2.1) 2(1 + t)
√
1− t2 ≧ (>)f1(1, 2t(1 − t)),
where t = cosB = cosC ∈ [12 , 1). And the homogeneous inequality p ≦ (<)f1(R, r) holds if and
only if (2.1) is reversed, where t = cosB = cosC ∈ (0, 12].
Lemma 2.2. (see [9, 10]) Given a polynomial f(x) with real coefficients
f(x) = a0x
n + a1x
n−1 + · · ·+ an,
if the number of the sign changes of the revised sign list of its discriminant sequence
{D1(f),D2(f), · · · ,Dn(f)}
is v, then, the number of the pairs of distinct conjugate imaginary roots of f(x) equals v. Further-
more, if the number of non-vanishing members of the revised sign list is l, then, the number of the
distinct real roots of f(x) equals l − 2v.
Lemma 2.3. (see [10]) Denote
F (x) = a0x
n + a1x
n−1 + · · · + an,
and
G(x) = b0x
m + b1x
m−1 + · · ·+ bm.
If a0 6= 0 or b0 6= 0, then the polynomials F (x) and G(x) have the common roots if and only if
R(F,G) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a2 · · · an 0 · · · 0
0 a0 a1 · · · an−1 an · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 · · · a0 · · · · · · · · · an
b0 b1 b2 · · · · · · · · · · · · 0
0 b0 b1 · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · b0 b1 · · · bm
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0,
where R(F,G) is Sylvester’s Resultant of F (x) and G(x).
3. The Proof of Theorem 1.1
Proof. By Lemma 2.1, we know that inequality (1.4) can be written as follows:
(3.1) 2
√
3(1 + t)
√
1− t2 ≧ 20t(1 − t)− 2t(1 − t)[4t(1− t)]λ
(
1
2
≦ t < 1
)
.
If we let
x =
√
3 + 3t
1− t ,
then
t =
x2 − 3
x2 + 3
(x ≧ 3),
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and inequality (3.1) is equivalent to
(3.2)
[
24(x2 − 3)
(x2 + 3)2
]λ
≧ −2(x
3 − 5x2 + 15)
x2 − 3 (x ≧ 3).
We now split it into three cases to prove.
(i) When x = 3, inequality (3.2) is an identity for λ ∈ R and △ABC is equilateral.
(ii) Clearly, if −2(x3−5x2+15)
x2−3 ≦ 0, or x ≧ x0 ≈ 4.113537611, then inequality (3.2) holds for λ ∈ R.
(iii) When 3 < x < x0, we have
0 <
24(x2 − 3)
(x2 + 3)2
< 1,
and inequality (3.2) is equivalent to
λ ≦ f(x),
where f(x) is given by (1.5). Calculating the derivative for f(x), we get
f ′(x) =
x(x− 3)(x+ 3)g(x)
(x2 + 3)(x2 − 3)(x3 − 5x2 + 15) ln2
[
24(x2−3)
(x2+3)2
] .
where
g(x) := x(x2 + 3) ln
[
24(x2 − 3)
(x2 + 3)2
]
+ 2(x3 − 5x2 + 15) ln
[
−2(x
3 − 5x2 + 15)
x2 − 3
]
(3 < x < x0).
Let f ′(x) = 0, we obtain
(3.3) g(x) = 0.
Now, we prove equation (3.3) has only one real root on interval (3, x0).
For g(x), we know that
g′(x) = 3(x2 + 1) ln
[
24(x2 − 3)
(x2 + 3)2
]
+ 2x(3x− 10) ln
[
−2(x
3 − 5x2 + 15)
x2 − 3
]
,
g′′(x) =
2x(x− 3)(x + 3)(5x4 + 6x3 − 60x2 − 45)
(x3 − 5x2 + 15)(x2 + 3)(x2 − 3) + 6x ln
[
24(x2 − 3)
(x2 + 3)2
]
+ (12x− 20) ln
[
−2(x
3 − 5x2 + 15)
x2 − 3
]
,
g′′′(x) =
2
(x3 − 5x2 + 15)2(x2 + 3)2(x2 − 3)2
(
20x13 − 113x12 − 180x11 + 1500x10
− 540x9 − 2349x8 + 1620x7 − 14256x6 − 29160x5 + 164025x4 + 58320x3
− 364500x2 − 54675) + 6 ln [24(x2 − 3)
(x2 + 3)2
]
+ 12 ln
[
−2(x
3 − 5x2 + 15)
x2 − 3
]
,
and
g(4)(x) =
4xp(x)
(x3 − 5x2 + 15)3(x2 + 3)3(x2 − 3)3 ,
where
p(x) =5x18 − 78x17 + 375x16 − 306x15 − 705x14 − 4239x13 + 13230x12 − 16443x11
+ 213435x10 − 1047330x9 + 1356750x8 + 4312764x7 − 12141495x6 − 2460375x5
+ 22766670x4 + 4100625x3 − 32805000x2 − 14762250x + 61509375.
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The revised sign list of the discriminant sequence of p(x) is
(3.4) [1, 1,−1, 1, 1,−1,−1,−1, 1, 1,−1,−1,−1, 1, 1,−1, 1,−1].
So the number of the sign changes of the revised sign list of (3.4) is 9. By Lemma 2.2, we know
that the number of the pairs of distinct conjugate imaginary roots of p(x) are 9. Namely, p(x) = 0
has no real root, then p(x) > 0 for x ∈ R.
With p(x) > 0 for x ∈ R, g(4)(x) < 0 for x ∈ (3, x0), then g′′′(x) is strictly decreasing on (3, x0).
And for
g′′′(3) = 3 > 0 and g′′′(4) = 6 ln
(
312
361
)
− 106269606
61009
+ 12 ln
(
2
13
)
< 0,
we conclude that g′′′(x) = 0 has only one real root x4 ≈ 3.016763142 on (3, x0). So g′′(x) is strictly
increasing on (3, x4), and decreasing on (x4, x0).
Similarly, we deduce that
g(j)(x) = 0 (0 ≦ j ≦ 2)
have only one real root xj+1 (0 ≦ j ≦ 2) on (3, x0), respectively.
Therefore, we know that f ′(x) = 0 has only one real root x1 ≈ 3.067873979 ∈ (3, x0), and
λmax = f(x)min = f(x1) ≈ 5.977930729.
By Lemma 2.1, we find that the equality in (1.4) is valid when △ABC is an isoceles triangle,
and if we let b = c = 1, then
a = 2cosB = 2cosC = 2t1 =
2(x21 − 3)
x21 + 3
.
Namely, the equality in (1.4) is valid if and only if
a : b : c = 2
(
x21 − 3
)
:
(
x21 + 3
)
:
(
x21 + 3
)
with λ = f(x1). Furthermore, considering the proof above, we can easily obtain the required results
of the equality in (1.4).

4. The Proof of Theorem 1.2
Proof. By Lemma 2.1, we know that inequality (1.6) is equivalent to
(4.1) 2(1 + t)
√
1− t2 ≧ 6
√
3t(1− t) + k · 2t(1− t){1− [4t(1 − t)]5} (1
2
≦ t < 1
)
.
For t = 12 , (4.1) obviously holds and △ABC is equilateral. If 12 < t < 1, then (4.1) is equivalent to
(4.2) k ≦ h(t) :=
(1 + t)
√
1− t2 − 3√3t(1− t)
t(1− t) {1− [4t(1 − t)]5}
(
1
2
< t < 1
)
.
Therefore, we get
h′(t) =
[
5120t12 − 14336t11 + 1024t10 + 30720t9 − 25600t8 − 10240t7 + 19456t6 − 6144t5
+ t+ 1 + 15360
√
3
√
1− t2(1− t)5t6]/[t2(1− t)(2t− 1)3(256t8 − 1024t7
+ 1472t6 − 832t5 + 80t4 + 32t3 + 12t2 + 4t+ 1)2
√
1− t2 ].
Let h′(t) = 0, we obtain
5120t12 − 14336t11 + 1024t10 + 30720t9 − 25600t8 − 10240t7 + 19456t6
− 6144t5 + t+ 1 + 15360
√
3
√
1− t2(1− t)5t6 = 0.
(4.3)
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It is easy to see that the roots of equation (4.3) must be the roots of the following equation:
(4.4) p2(t)(t+ 1)(2t − 1)3 = 0,
where p2(t) is given by (1.8).
The revised sign list of the discriminant sequence of p2(t) is
(4.5) [1, 1, 1,−1,−1, 1,−1,−1,−1, 1, 1, 1,−1, 1, 1, 1,−1,−1, 1, 1].
So the number of the sign changes of the revised sign list of (4.5) is 8, by Lemma 2.2, the equation
p2(t) = 0 has 4 distinct real roots. By using the function ”fsolve()” in Maple 9.0, we can obtain the
approximation of 2 distinct real roots t1 ≈ 0.5194285605 and t2 ≈ 0.8281776966 on open interval(
1
2 , 1
)
. But t2 does not satisfy equation (4.3), which implies that it is an extraneous root. Hence,
it follows that
(4.6) h(t)min = h(t1) =
(1 + t1)
√
1− t21 − 3
√
3t1(1− t1)
t1(1− t1){1 − [4t1(1 − t1)]5} ≈ 0.6898369707 ∈
(
1
2
,
9
13
)
.
We now prove h(t1) is the root of equation (3.1). We consider the nonlinear algebraic equation
system as follows:
(4.7)


p2(t1) = 0,
u2 + t21 − 1 = 0,
v2 − 27t21(1− t1)2 = 0,
(1 + t1)u− v −
{
t1(1− t1)
{
1− [4t1(1− t1)]5
}}
k = 0,
or
(4.8)
{
p2(t1) = 0,
p3(t1, k) = 0,
where p2(t) is given by (1.8) and
p3(t, k) =68719476736k
4t42 − 1374389534720k4t41
+ 13022340841472k4 t40 − 77687368450048k4t39 + 327083234426880k4t38
− 1032364109070336k4 t37 + 2532355667394560k4t36 − 4938039864328192k4 t35
+ 7763189089435648k4 t34 − 9918303552143360k4t33 + 10328492122046464k4t32
− 8752260867686400k4 t31 + 5995600248045568k4t30 − 3278892823478272k4 t29
+ 1402218741760000k4 t28 − 453762372075520k4 t27 + 105664190873600k4 t26
− 16867120906240k4 t25 + 2458252738560k4t24 − 944229580800k4t23
+ 65536k2(−52 + 7344385k2)t22 − 1441792k2(−24 + 119075k2)t21
+ 4587520k2(8441k2 − 34)t20 − 65536k2(65905k2 − 6238)t19
+ 20480k2(−33404 + 4115k2)t18 − 32768k2(2431k2 − 22973)t17
+ 2048k2(29895k2 − 262244)t16 − 2048k2(12617k2 − 113240)t15
+ 256k2(−196132 + 23549k2)t14 − 2560k2(39k2 − 1232)t13
− 512k2(1929 + 71k2)t12 − 256k2(−1576 + 55k2)t11 − 16k2(109k2 − 2660)t10
− 64k2(51k2 − 1274)t9 + 40k2(−296 + 7k2)t8 + 8k2(−788 + 11k2)t7
+ k2(25k2 − 3076)t6 + 2k2(−400 + 3k2)t5 + k2(k2 − 166)t4
− 20k2t3 + (49− 2k2)t2 + 14t+ 1.
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It’s easy to see that h(t1) is also the solution of the nonlinear algebraic equation system (4.8). By
Lemma 2.3, we get
(4.9) R(p2, p3) = mp4(k)p5(k) = 0,
where
m =57698221920758648437318785957934716092387171383190921139891196583
60844636195941737072193545378747970974059915467496354369852962661
24545032425816659873003224168956415237423809191615340664942700611
579699989665614710761572731854962712529967513600000000,
p4(k) is given by (1.7), and
p5(k) = 8860655573197291232645511627197265625k
40
− 16912080685346637403103522956371307373046875k38
+ 5435741841027337227212034165859222412109375000k36
− 1022146637691011812806702821850776672363281250000k34
+ 110744571814857445274894881859313964843750000000000k32
− 9369389460811282973529757765591658325195312500000000k30
+ 282441031609128684811039782683995118457031250000000000k28
− 10380425845408883215082367863858860726041875000000000000k26
+ 73340535725547628521708894311600819307265000000000000000k24
− 265177139233592420219133919392417723053323929920000000000000k22
+ 11791633182359761811369142031608045030413197651840000000000000k20
+ 190075444754710412043307126977386168137413366964111360000000000k18
− 109270095333365249190090664013722276751701441874134340403200000000k16
− 7750407940399239639127577820761730582290929415800425022750720000000k14
− 128016712123970225804454667626572657168697762262885566533284659200000k12
+ 2859604104165956733160109025625828353920705420748548328012916981760000k10
+ 110267783320883416462258578945595318603200831554078609670205562316390400k8
+ 745324132711516724121423152749040579524897407250894331064162322304991232k6
− 7375168578676180534548979250039227170865907645609839475147982859847860224k4
− 80207674110325900841453359343883145581345268086466150400000000000000000000k2
+ 395739228446715359134735466442056102500000000000000000000000000000000000000.
(4.10)
The revised sign list of the discriminant sequence of p5(k) is
[1, 1, 1, 1,−1, 1, 1,−1, 1,1, 1, 1,−1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1,−1, 1, 1, 1, 1,
1,−1,−1,−1, 1, 1,−1, 1, 1, 1, 1, 1].(4.11)
So the number of the sign changes of the revised sign list of (4.11) is 16, by Lemma 2.2, the equation
p5(k) = 0 has 8 distinct real roots. And making use of the function ”realroot()”[7] in Maple 9.0,
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we know that the equation p5(k) = 0 has 8 distinct real roots in the following intervals:[
2,
5
2
]
,
[
5
2
, 3
]
, [4, 8], [1024, 2048],
[
−5
2
,−2
]
,
[
−3,−5
2
]
, [−8,−4], [−2048,−1024].
Therefore, the equation p5(k) = 0 has no real root on interval
(
1
2 ,
9
13
)
.
From (4.6), we find that h(t1) is the root of the equation p4(k) = 0. Namely, h(t1) is the root of
the equation (1.7).
Furthermore, by the similar arguments of the last part of the proof of Theorem 1.1, we can easily
get the necessary and sufficient conditions on the equality in (1.6).
We thus complete the proof of Theorem 1.2. 
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